We investigate linear perturbations in the recently proposed cosmon-bolon model of coupled scalar field dark matter and quintessence. We provide an analytical mechanism to average over the quick oscillations appearing both in the background and at the perturbative level and evolve the effective equations numerically. The resulting matter power spectra are used to predict total halo number counts as well as substructure abundances in a typical galaxy by employing the extended Press-Schechter excursion set approach. We discuss in some detail the ambiguities arising in this formalism, starting from issues with generalizing spherical collapse to our model to filter choices and different barriers. The results are used to put a lower bound on the current bolon mass of roughly 9 × 10 −22 eV.
I. INTRODUCTION
For some years now the cosmological standard model (or ΛCDM-model) has been widely successful in explaining the vast majority of cosmological observations. Still the nature of two of its key components, dark matter and dark energy, remains a mystery. So far both of these substances have eluded any direct detection and can be seen only through their gravitational effects. This leaves plenty of room for speculation, in particular a comparatively strong coupling between the two dark sectors is possible [1] [2] [3] .
Furthermore the ΛCDM model faces two severe theoretical problems. In order to explain the current accelerated expansion of the universe, the cosmological constant Λ needs to have a tiny value, contradicting expectations from quantum field theory. This is known as the cosmological constant problem. The other issue concerns the question why the energy density associated with Λ is of the same order of magnitude as the energy density of the universe just recently (the why now or coincidence problem).
It is possible to alleviate both of these problems in alternative scenarios where dark energy is dynamical and evolves in time. The first examples of such models, thought up long before the observational discovery of cosmic acceleration, were closely related to the concept of anomalous dilatation symmetry [4] [5] [6] [7] . Recently, studies of dilatation symmetric theories of gravity in higher dimensions have brought renewed attention to the subject [8] [9] [10] . Amongst such models, those which allow for a dimensional reduction to an effective four-dimensional theory are of particular interest. It was found that for this class, all stable quasistatic solutions of the field equations lead to a vanishing effective four-dimensional cosmological constant. If such a theory is realized as a fixed point of the renormalization group flow of the effective action, it is natural to assume that the cosmological vacuum solution approaches this fixed point for t → ∞. At the fixed point dilatation symmetry implies the existence of a massless goldstone boson, the dilaton, but for finite times the vacuum solution breaks this symmetry. As a result, the dilaton becomes a pseudo-goldstone boson with a small, time-dependent mass.
In a cosmological setting the dilaton can play the role of a scalar "cosmon" field, rolling down its anomalous potential with a slowly decreasing mass and acting as dark energy. The anomalous potentials generated in such models typically give rise to scaling solutions, in which the energy density of the cosmon tracks that of the dominant background fluid, thereby alleviating the coincidence problem [9, [11] [12] [13] [14] .
Besides the cosmon, dimensional reduction of higherdimensional theories of gravity usually divulges additional scalar degrees of freedom. In a recent paper [15] we discussed a class of simple two scalar field models motivated by this scenario and showed that one can obtain a realistic model of coupled dark energy and dark matter already for rather simple anomalous potentials. We named the second field "bolon" (from the Greek bolos meaning "lump"), since it is responsible for the formation of structure in the universe in this picture. In this work we will refine our previous analysis to include linear perturbations as well as predictions of abundances of cosmic structure using the extended Press-Schechter (ePS) formalism. We will at several points refer to an accompanying paper [16] , which analyzes the evolution of the cosmon and bolon dynamics during the early universe. This paper is organized as follows:
In the Sec. II we will introduce the coupled cosmonbolon model and elaborate on the classes of scalar potentials we are investigating. We continue to study the background evolution of these models in Sec. III. This was already discussed in ref. [15] , but here we present a much more detailed analysis, the results of which will be essential in our treatment of the linear perturbations. Those will be dealt with in section IV, where we deduce an effective description of linear perturbation growth valid for late enough times and provide numerical simulations, building on the results of ref. [16] . Finally we calculate some testable predictions of our model in section V, where we apply the ePS mechanism to predict structure and substructure abundances in the universe and compare our results to warm dark matter models as well as the cosmological standard model. We present our conclusions in Sec. VI.
II. THE MODEL
The breaking of dilatation symmetry by the cosmological vacuum solution introduces an anomalous potential V (ϕ, χ) for the cosmon ϕ and the bolon χ. Dilatation symmetry at the fixed point ensures that the potential vanishes for ϕ → ∞ (we assume wlog that the cosmon is rolling towards higher field values throughout its evolution). It is this requirement which makes a dark sector coupling an integral part of our model, since asymptotic dilatation symmetry could not be guaranteed otherwise. Since the potential arises from anomalies in the quantum effective action, the field equations which can be derived from the principle of stationary action are exact, no additional quantum corrections are present.
We will perform our analysis in the effective fourdimensional theory in the Einstein-frame where the Planck mass is fixed and restrict our attention to a simple class of models for which the scalar potential can be split up as follows:
The quintessence potential we are employing in this work is the often used exponential potential, which arises naturally as an anomalous potential in the context of higher dimensional dilatation symmetric theories [8] [9] [10] , but in other theories of particle physics as well [17] :
The bolon-potential is assumed to have a minimum with a non-vanishing second derivative around which it will stabilize during the later stages of its evolution. Such a behaviour ensures that is will behave like a dark-matter candidate. The specific form of the potential we use is similar to one originally introduced in [18, 19] , but with an additional coupling to the cosmon field:
The dimensionless constant c in this potential is closely related to the scale of anomalous symmetry breaking of dilatation symmetry, the only mass scale intrinsic to our model other than the Planck scale, as is discussed in more detail in ref. [15] . Asymptotically the bolon-dependence of this potential can be decomposed as follows cosh (λχ/M ) − 1 ≈ 
which ensures the required quadratic χ-dependence for small field values, with a mass given by
For larger field values the potential gets much steeper, which is a necessary feature for a model exhibiting scaling solutions that lead to an insensitivity of the cosmological evolution to initial conditions for a wide range of initial field values. Furthermore, at the level of linear perturbations, it ensures the existence of a dominant adiabatic mode in the early-universe evolution, i.e. it suppresses potentially strongly growing isocurvature modes which can be present in the case of a "frozen" field or powerlaw potentials (see accompanying paper ref. [16] for more details on this). We choose α > 0 and λ > 0 throughout this paper, which can always be achieved by a suitable redefinition of ϕ and χ. Our motivation then requires β > 0 also. We will however at some stages refrain from this constraint and consider β < 0 as well. Interesting generalizations of our model which can also arise from dilatation anomalies include a ϕ-dependent exponential α(ϕ) in the quintessence potential, a ϕ-dependent coupling β(ϕ) or a non-constant minimum of the bolon-potential χ 0 (ϕ). We will discuss some of these possibilities and their connection to an acclerated late-time expansion of the universe below.
The common part of the potential introduces a coupling between the two scalar fields. The form of this coupling can be easily derived from (non-)conservation of the energy-momentum tensor, which reads for a generic component of the cosmic fluid (denoted by subscript α)
The total energy-momentum tensor is of course conserved and therefore the sum of all couplings is subject to the constraint
Furthermore, in an FLRW-background, each coupling is constrained by the usual symmetry assumptions of spatial isotropy and homogeneity, implying
where the superscript 0 denotes a background quantity. We introduce a commonly used dimensionless coupling via
where the background energy-densities and pressure for the scalar fields are defined as follows:
Here and below a prime denotes a derivative with respect to conformal time. We will always assume standard kinetic terms for both scalar fields throughout this work.
Non-standard kinetic terms can arise in the process of dimensional reduction [9, 10] and can have interesting cosmological consequences, for example in k-essence models [20] [21] [22] [23] [24] , but we will not consider them further here. The equation of energy conservation can now be written as
where (as usual) ω α = p α /ρ α is the equation of state of the component denoted by α and h = a /a is the conformal Hubble rate. For our model the dimensionless couplings read
We note that a coupling to the trace of the energy momentum tensor, as is often assumed in models of coupled quintessence [1] , is not inherent to our model. It will however arise as a consequence of the dynamical evolution of both fields during the later stages of the evolution of the universe, as we will see in the next section III. The same holds true for perturbations at the linear level, which we will discuss in section IV.
III. BACKGROUND EVOLUTION

A. Basic equations
In a standard Friedmann-Lemaitre-Robertson-Walker (FLRW) universe, the field equations for two canonical scalar fields which couple through their potential read
where V ,ϕ and V ,χ are derivatives of the potential with respect to the scalar fields. Einstein's equations give the usual Friedmann equations:
where M is the reduced Planck mass. The index α runs over all particle species present in the universe. In this work we use the common convention that the scale factor today should equal 1.
B. Tracking in the early universe
The dynamics of the evolution of the cosmon-bolon system in the early universe have been investigated in an accompanying paper [16] , using the approximation of the common potential given by equation (4) for large field values. A dynamical system analysis revealed that the existing stable scaling solutions split the parameter space for this model into disjunct sections. The scaling solution relevant for our scenario is the one denoted by R4 in ref. [16] , which is the only one allowing for a radiation-like expansion with a continuous range of couplings extending from the negative to the positive realm. It is also the unique stable scaling solution for the range of parameters which are phenomenologically interesting, as we will see in section IV. All other stable fixed points do either not provide a realistic early cosmology (i.e. a radiation-like expansion) or require large couplings, which can be observationally excluded, as we discuss below. The constraints on the model-parameters arising from the demands of existence and stability of this fixed point can be read off of Table II in ref. [16] and are given by
(19) For the positive range 0 < β/α < 1/2 the additional condition
is required. We will therefore restrict ourselves to this parameter range from now on. The evolution of the scalar fields during this phase of the cosmic evolution can be obtained analytically from Table I in ref. [16] and reads
where
The energy densities of the cosmon and the bolon contribute only a fraction of the total early energy density of the universe for this solution and the scalar density parameters are given by
Ω χ,es = 4
where the subscript "es" stands for "early scaling". The stability of these solutions is of course only guaranteed as long as baryons can be neglected and the exponential approximation for the bolon-potential is valid. Both of these assumptions will eventually be violated and the early scaling solution will be broken by a transition to a matter dominated era, where the bolon quickly oscillates around the minimum of its potential and acts like dark matter. To estimate when this happens, we simply extrapolate the solution of the bolon evolution during the early scaling epoch until it reaches a values of M/λ. According to equation (22) this happens when h 2 /a 2 m χ (ϕ) 2 ≈ e/8(1 − 2β/α), which is of order 1.
C. The late universe
For sufficiently late times the cosmic evolution drives the bolon towards the minimum of its potential, so that it eventually acquires very small field values χ/M . For such small deviations from the minimum we can approximate the bolon potential by
with m χ (ϕ) = m 0 exp(−βϕ/M ) and m 0 ≡ M cλ. The dynamics of the bolon in this regime depend on the ratio µ ≡ h/am χ (ϕ). For µ > 1 the Hubble friction is strong enough to keep the bolon field frozen at some (almost) constant value, whereas for µ < 1 we expect rapid oscillations to occur. As we have seen in section III B, a scaling scenario in the early universe will deliver the bolon to field values of the order M/λ when µ ≈ 1. We can track the subsequent behavior of this parameter by employing the following formulae:
If the quintessence field exhibits a scaling or tracking behavior, i.e. the the density parameter Ω ϕ is (almost) constant and not bigger than a few percent, equation (28) directly tells us that µ is decreasing (as long as H = h/a is getting smaller, which is a very generic requirement, and β is not excessively large). The bound on the coupling β we get from equation (27) in conjunction with the requirement of a decreasing µ is:
This is a restriction we already found in section III B by requiring the existence of a radiation-dominated scaling solution in the early universe (see equation (19) ) and also not in conflict with the bound coming from the existence of a bolon-dominated scaling solution in the late universe (see below) for our specific model. Furthermore equation (27) depends crucially on the exponential shape of the quintessence potential, while the conclusion we have drawn from equation (28) is much more general and is valid for all quintessence fields with a canonical kinetic term and a potential exhibiting scaling or tracking behavior. We have therefore shown that a decreasing µ is a quite generic feature in realistic quintessence scenarios and we will now consider the dynamics in the regime µ 1. The evolution of this system has already been described in ref. [15] , but we will present a much more detailed analysis here, which we will need later when we treat linear perturbations in section IV. The method we apply is derived from one used for the case of a single scalar field in a harmonic potential (see e.g. ref. [25] ), which we will now generalize to our coupled scenario. The basic idea is to first expand all dynamical quantities in a Taylor-series inμ = h 0 /m 0 . Sincẽ µ = µ e βϕ/M ah 0 /h, this quantity is always smaller than µ for a < 1 as long as the coupling is not too large, but has the advantage of being time-independent. To give an example, the bolon-field χ can be expanded as follows:
We then segment all the Taylor-Coefficients χ j into a Fourier-type sum, given by
with n ∈ N. Here the coefficients χ i1,n and χ i2,n are of course time-dependent, but are evolving slowly, i.e. remain almost constant at a time scale 1/m χ (ϕ). The oscillation frequencies are also time-dependent and given by multiples of the base frequency
with t being the cosmic time and t 0 being some suitable early time, chosen such that any phase potentially appearing in the trigonometric functions gets cancelled. The whole expression should of course be read as a function of conformal time.
Which frequencies appear at which order inμ can now be seen simply by plugging the most general ansatz into the field equations (15) - (17) and comparing coefficients for each trigonometric function at each order inμ. The whole set of resulting differential equations for the Taylor-coefficients can be found in appendix A. Here we simply give the results.
The scale factor a, the hubble h, the cosmon-field ϕ and all additional energy densities (i.e. photons, neutrinos and baryons) evolve slowly to leading order. We denote the first term in the Taylor-expansion (30) of such adiabatic quantities with a bar, e.g.ā. The only quantity which is oscillatory at leading order is the bolon field χ, the leading order coefficient is χ 11,1 which we denote by χ 0 for simplicity. Evaluating the Friedmann equation to leading order gives
whereρ χ andρ ϕ denote the (non-oscillatory) leading order contributions to the bolon-and cosmon energydensities, respectively. These are given bȳ
wherem χ (φ) simply denotes the leading order term in theμ-expansion for the mass, which is of course onlȳ ϕ-dependent:m
We will drop the explicitφ-dependence ofm χ in all the formulas below. The additional quantityρ ext labels the sum of all energy densities which are present in addition to the scalar fields, in particular photons, neutrinos and baryons. From the bolon field equation (see appendix A) we can directly see that χ 0 ∝ā −3/2 exp(βφ/2M ) and thereforeρ
The cosmon evolution follows the following equation
Using our expansion method we have recovered the expected result that to leading order the cosmon and bolon form a system of coupled quintessence governed by the equations (33), (38) and the equation of energy conservation derived from equation (37) :
If we include additional components into our cosmic fluid, we will of course have to add the corresponding equations of energy conservation for those as well. This system was already analyzed in ref. [15] . One should note that for the range of parameters we are investigating it allows for accelerated expansion only in the case of large negative β, specifically α < −2β. This is not only inconsistent with our original motivation of an asymptotically vanishing bolon mass, but also excludes the possibility of a prolonged matter dominated epoch in our scenario, as we have checked numerically.
1
The universe simply transitions quickly from radiationdomination to accelerated expansion in this case. Furthermore current bounds on coupled quintessence models already rule out such strong couplings (see e.g. ref.
1 This is of course connected to the fact that the coupled quintessence scenario does not describe our model in the early universe. Within a pure coupled quintessence model realistic accelerated cosmologies are of course possible and were discussed in ref. [1] .
[2]), as we will discuss further below. We therefore exclude this possibility as unrealistic and focus on smaller couplings. For these our cosmology will quickly adjust itself to a matter-dominated scaling solution (see ref. [15] ), with the bolon energy-density scaling slightly differently than baryons due to the coupling. The parameter bounds resulting from the conditions of existence and stability of this solution can be found in ref. [1] and read:
None of these constraints are in conflict with the ones we found above from considerations of an attractive radiation dominated era in the early universe or the condition of a decreasing µ. All parameter choices used below will respect all the bounds mentioned in this section.
D. Accelerated expansion
As was already pointed out, the specific model treated here, with the restrictions on parameters from sections III B and III C, does not result in an accelerated expansion. We are not too concerned about this issue, since there are several ways out of it, as we already discussed in ref. [15] . One could for example assume a slightly different form of the quintessence potential by considering a ϕ-dependent α [26] , alternatively a non-standard kinetic term [27] , a ϕ-dependent minimum in the bolonpotential [15] , a ϕ-dependent coupling β [28] or an additional coupling to other components of the cosmic fluids (e.g. neutrinos, see [29] ) can break the scaling behaviour and effectively stop the evolution of the cosmon, leading to an accelerated expansion. We will choose one of these possibilities in our numerics below in order to get realistic results.
E. Observational parameter bounds
Current experimental bounds on the model parameters go far beyond the theoretical limits we cited above, originating from the desire to obtain a realistic cosmology independent of model parameters. To our knowledge the most stringent observational bounds on a coupled theory such as ours come from big bang nucleosynthesis (BBN) [30] [31] [32] and cosmic microwave background (CMB) observations [33] [34] [35] [36] .
Let us start with the BBN bounds. Adding a tracking quintessence field to the early radiation dominated era in the universe modifies expansion of the universe and thus standard big bang nucleosynthesis. Observations of the abundances of the lightest elements in the cosmos can therefore put an upper bound on the quintessence density parameter, Bean, Hansen and Melchiorri set it at 0.045, the tightest constraint known to us [32] . In our model this should be seen as a bound for the combined scalar density parameter Ω sc,es = Ω ϕ,es + Ω χ,es as given in equations (24) and (25) .
Constraints from the CMB on a tracking scalar quintessence component are strong whenever the scalar field makes up a non-negligible fraction of the energy density of the universe at decoupling, which is the case in our model. Recently bounds from this era have been improved to give an upper limit of about 0.02 [36] , which in our model has to be interpreted as a bound on the quintessence density parameter alone, since the bolon has already started to oscillate at decoupling and does not follow its scaling solution anymore. From ref. [1] one directly obtains
The subscript "cq" stands for coupled quintessence. Furthermore CMB analyses of coupled quintessence models also put a bound on the coupling [2] , currently at the order of β 2 0.01. These CMB bounds were derived for standard cold dark matter coupled to quintessence, but we expect similar constraints to hold in our scenario. As we will see below, the evolution of perturbations in our model is different than in coupled cold dark matter models, but we expect these differences to be largely irrelevant for the CMB constraints, as they are only important for scales much smaller than the ones corresponding the multipole moments where the CMB has the most constraining power. Future constraints using Planck and Euclid data sets are expected to improve these bounds by about two orders of magnitude [3] .
F. Parameter adjustment
At the background level our model has 4 parameters determining the behavior of the two scalar fields, the exponents α and λ, the coupling β and the massparameter c 2 . To fully determine the background evolution (after some suitable very early time, in particular after neutrino-decoupling and electron-positron annihilation) we also have to fix the current radiation density ρ r,0 and the baryon density ρ b,0 . Adopting a procedure introduced in ref. [19] we can predict the current density parameters for both the bolon and the cosmon from the fundamental model parameters.
First, we define a scale factor a * as the scale-factor at which oscillations start, i.e. when χ = M/λ. As an approximation, we then extrapolate the analytically known bolon-evolution for the early scaling solution (eq. (22) ) up to that point, also assumimg that h ∝ 1/a still holds. Furthermore we can estimate the cosmon value ϕ * = ϕ(a * ) by extending the analytic formula for the early scaling solution given by equation (21) . This gives the following estimate for a * : (42) where Ω sc,es = Ω ϕ,es + Ω χ,es and f = f(α, β, λ) as defined in section III B.
To make contact with current energy densities, we can assume that from a * onwards, the bolon will follow its evolution determined by eq. (37) . Since the coupling causes the bolon-density to scale slightly differently than the baryons, we can not simply fix the ratio of the two energy densities, but have to specify ρ χ at some redshift, say at z = 0. Once this is set, all that remains to consider is the cosmon energy density, which should dominate the cosmic evolution at late times. In particular we need to stop the evolution of the cosmon at some low redshiftz (appoximately 5). The value of the cosmon ϕ 0 = ϕ(z = 0) ≈ ϕ(z) can the simply be obtained by extending the late time cosmon scaling solution for coupled quintessence toz. Extrapolating this evolution back to a * and estimating the bolon energy-density at a * by the one given by the scaling solution then gives
where we have not yet inserted the cosmon evolution in order to keep the equation simple. Plugging in this information using the approximations described above and equating the right hand sides of (42) and (43) gives us an approximate expression for the current bolon energy density ρ χ,0 given a mass, or vice versa. We can make this and exact expression by including a numerical adjustment factor N :
where g =g(α, β, λ) = 1 + 6β 2 − 6αβ + 18
The adjustment factor N is of order 1, but always smaller, roughly 0.4. This is due to the fact that estimating the bolon energy density at a * by the scaling solution is quite accurate, but using the averaged evolution from that point on leads to an overestimate of ρ χ,0 since the bolon energy dilutes faster than non-relativistic matter during the early oscillatory phase. Furthermore N is a function of the model parameters α, β and λ as well as the energy densities ρ r,0 , ρ χ,0 andz. It of course will also take (slightly) different values depending on which scenario is chosen to achieve late time cosmic acceleration. For practical purposes, we will choose one such scenario in section IV C where we present numerical results and determine N (for fixedz = 5, ρ r,0 and ρ χ,0 ) by running through a grid on c 2 and the remaining model parameters.
IV. LINEAR PERTURBATIONS
In this section we analyze the behaviour of linear perturbations in the late universe, i.e. after the bolon started to perform rapid oscillations around the minimum of its potential. The behaviour of perturbations in the early universe was already analyzed in ref. [16] . As the perturbations also perform rapid oscillations, a numerical evolution of the full field equations is not feasible. We will therefore first deduce a set of effective perturbation equations averaged over one oscillation period and then use the results in our numerical simulations below.
In the interest of brevity we will not discuss our conventions concerning linear perturbation theory here, we merely mention that they precisely coincide with the ones defined in the appendix of the accompanying work ref. [16] . In particular we are only interested in the scalar sector of linear perturbation theory and will employ the following quantities: The gauge-invariant field perturbations X and Y , the Bardeen potentials Ψ and Φ, the gauge-invariant energy density and momentum perturbations δρ α and [(ρ + p)v] α , their dimensionless versions, i.e. the density contrasts δ α and velocity potentials Θ α , and the total anisotropic stress Π tot .
A. Averaged evolution
We start by considering the exact gauge-invariant linearly perturbed scalar field equations
and the Poisson-equation
Furthermore we relate the two Bardeen potentials via
If we add a suitable set of equations describing additional components of the cosmic fluid, these equations form a closed set and uniquely determine the evolution of the scalar linear perturbations. These additional equations would be equations of energy-and momentumconservation in the case of a fluid description (e.g. for baryons) or the equations for the higher momenta in the multipole-expansion of the phase-space distribution function resulting from the corresponding Boltzmannequations for more complex descriptions (typically for photons and neutrinos, see e.g. ref. [37] ). In what follows we will ignore such additional equations, but note that the entire averaging procedure presented below can easily be extended to include them, and they emerge unchanged. We explain this in more detail in appendix A. In order to average the perturbation equations we use the same idea we applied to the background evolution in section III C, i.e. we expand all dynamical perturbative quantities first in a Taylor-series inμ and then each coefficient in a Fourier-type sum of harmonic functions with time-dependent frequencies, where all occurring frequencies are multiples of a base-frequency (see equations (30) - (32)). By plugging the results into the linearized field equations (47) - (49) and comparing coefficients we see which frequencies are present at which order and can then use the results to calculate the evolution equations for the energy density and momentum perturbations for the bolon averaged over one oscillation period.
The precise details of the calculation can be found in appendix A. The procedure reveals that the decompositions of the scalar-field perturbations and the gravitational potential change for different wavenumbers and we have to split up our analysis into two regimes: Large wavelength perturbations for which µk 2 /h 2 1 and small wavelength perturbations which have µk 2 /h 2 1.
For large wavelengths the equations resulting from the averaging procedure (to subleading order inμ) are
Here the dynamical quantities describing the bolon are its density contrast defined as δ χ = δρ χ /ρ χ , and its averaged velocity potential, given bȳ
(54) Triangular brackets denote an oscillatory quantity averaged over one oscillation period, whereas, as before, a bar denotes a quantity which is evolving adiabatically at leading order. Note that the velocity potentialΘ χ is a well defined variable, despite that fact that trying to define the same velocity potential with the non-averaged quantities would yield a badly defined (periodically divergent) Θ χ .
The quintessence field is evolving slowly to leading order, as are the gravitational potentials, and we denote the leading order quantities by P ,Ψ andΦ respectively.
To complete our equations we have to evaluate the Poisson equation, which gives
Here the label "ext" labels all additional components of the cosmic fluid, i.e. neutrinos, photons and baryons. As mentioned above, the corresponding energy densities evolve adiabatically to leading order, the velocity potentials and higher momenta of the phase space distribution function even to subleading order.
Equations (51)- (53) together with eq. (55) and eq. (50) are equivalent to the set of equations (25) - (31) in ref. [38] for a constant coupling and ω = 0. The apparent differences arise from the fact that the author of ref. [38] employed slightly different definitions of the veolocity potential Θ and the coupling β, ignored anisotropic stress contributions and used derivatives taken with respect to ln(a), not with respect to conformal time. The averaged cosmon and bolon perturbations therefore behave exactly as standard cold dark matter coupled to quintessence with a constant coupling in this wavelengthregime.
µk
For smaller wavelengths the results from the averaging procedure are almost the same, except that pressure perturbations can not be neglected at subleading order. The equations of energy-and momentum-conservation for the bolon now give:
where the bolon sound speed is given by
Such a sound speed modifies the growth of perturbations on the dark matter sector considerably, as we will show below. This generalizes the previous result found in refs. [19, 39] , where an oscillating scalar field but no coupling to the cosmon was considered. Furthermore we have provided a rigorous way to handle the quick oscillations present in both the background and the full set of gauge-invariant perturbation equations, something not provided in references [19, 39] . The field equation for the cosmon and the Poisson equation are exactly the same as in the large wavelength regime. A comparison of these equations with those found in equations (25) to (31) in ref. [38] yields obvious differences. These go beyond the simple fact that the definitions of the velocity potential, the coupling and the time-variable are different, but originate from the fact that the fluids considered in ref. [38] are assumed to be barotropic, i.e. the equation of state is assumed to be a function of the energy density alone, no non-adiabatic pressure perturbations are present. Our results however do correspond to a non-barotropic fluid and the pressureperturbation is indeed a non-adiabatic one.
B. Damping of the power spectrum
The basic features of the evolution of the bolon density contrast can be understood fairly easily. Perturbations with wavenumbers in the regime µk 2 /h 2 1 follow the evolution of a coupled cold dark matter component, whereas perturbations in the regime µk 2 /h 2 1 are expected to be strongly surpressed, due to the small sound speed. Since this is a time-dependent condition, let us see how the quantity µk 2 /h 2 evolves during the main stages of the cosmic evolution. We can generally assume that h ∝ā η , where η = −1, −1/2 and 1 during radiationdomination, matter domination and de-Sitter expansion respectively. The coupling between the bolon and the cosmon will of course change this behavior slightly, but that is not crucial for our argument. We then have
which shows that during the eras of bolon-or cosmondomination (and for not too large couplings), this quantity is decreasing. Therefore modes which have been suppressed in their evolution during some early era will eventually enter the regime where they behave just like coupled cold dark matter. Due to this delayed onset of growth for these modes, the power spectrum exhibits a sharp cutoff at a scale which can be approximated by
where the value ϕ * of the cosmon at a * can once again be approximated by extrapolating the early scaling solution given in eq. (21) . This formula generalizes eq. (63) in ref. [19] and is of course only an estimate, but it is the best definition of a Jeans length available in our model as it describes the smallest wavenumber for which the pressure balances out the gravitational attraction during some stage of the cosmic evolution. We can assign a corresponding Jeans mass in the usual way:
C. Numerical evolution
Now we move on to numerically evolve the linear perturbations in our model. We draw the initial conditions for our simulations from the results of an accompanying paper [16] . There it was shown that for the coupled cosmon-bolon system there exists an adiabatic mode which will evolve to be dominant if a sufficiently long era of tracking is present, which is a quite generic feature in our model. To avoid such an era initial conditions would have to be very skewed (see ref. [15] ). We therefore work with purely adiabatic initial conditions (see equation (47) in ref. [16] ) and ignore possible isocurvature contributions. Our numerical simulation then simply evolves the evolution equations for all the components of the cosmic fluid, i.e. photons, neutrinos, baryons and the two scalar fields. As is common in Boltzmann-codes, we use several approximations in order to speed up the calculation, which we now quickly describe.
For the neutrino-and the baryon-photon-sector we use a set of approximations that are also implemented in the recent CLASS-code ( [40, 41] ) and discussed in detail in ref. [41] . For the early universe we use the exact first order version of the tight coupling approximation, corresponding to the setting first order CLASS in the CLASScode. In order to deal with the quick oscillations in the relativistic species (neutrinos and photons) in the late universe we also employ the ultra-relativistic fluid approximation corresponding to the setting ufa class and the relativistic streaming approximation in its simplest version, corresponding to the setting rsa MD. The thermodynamic history of the universe was calculated using a modified version of the latest fortran-release of recfast [42] [43] [44] [45] .
Since we do not use synchronous gauge but a manifestly gauge-invariant approach (see appendix of ref. [16] ) instead, we had to rederive some of the approximations mentioned above. To check the correctness of our equations as well as their implementation and the validity of our choices for the triggers determining the switches between the approximation schemes, we have compared the results our code gives for the standard ΛCDM-model with the CLASS results. As it turns out, the matter power spectra (which is the quantity we are after) agree to excellent accuracy (see appendix B).
In our treatment of the scalar fields, we start by evolving the exact scalar field equations and switch to the effective averaged fluid description for the bolon at some suitably late time, i.e. after the oscillations have started.
The initial values for the effective fluid description are obtained by an explicit numerical integration over one oscillation period. For large wavenumbers and late enough times (i.e. in the subhorizon regime), the cosmon field will exhibit quick oscillations, similar to those present in the photons or neutrinos. We therefore extended the RSA-approximation to include the cosmon by employing equation (43) in ref. [38] , which reads for our conventions
We have checked that this is a good approximation by varying the RSA-onset trigger.
To address the issue of accelerated expansion we simply change the exponent of the quintessence potential for large field values by making a smooth transition from α to 0.1 at a suitable point:
with
This is of course slightly ad-hoc and should be taken as only one of many ways to slow down the evolution of the cosmon, several other possibilities have been discussed in section III. We do this merely to get a realistic cosmology for the numerics. In this section we will always choose the value 20 for α. The values for λ and β will vary, and for each choice the values for c 2 , ϕ 0 and ϕ 1 will be adjusted to give the correct current Hubble rate and density parameters. For each set of parameters used will quote the values for ϕ 0 and ϕ 1 as well as the normalization-factor N (see eq. (44)) from which c 2 can be deduced. We adjust the cosmological parameters to the WMAP7-values [46] , i.e.
The evolution of the density parameters can be seen in Figure 1 for different couplings. We choose initial conditions corresonding to the scaling solution given in equations (21) and (22) . Different initial conditions do not change the late time cosmology unless they are very skewed (see ref. [15] ).
The connection between the evolution of the bolon density contrast and the quantity µh 2 /k 2 is shown in Figure  2 . We display numerical for two different wavenumbers, k = 0.96 h/Mpc (green) and k = 10.7 h/Mpc (blue). The solid lines represent the bolon evolution, the dashed lines standard cold dark matter modes with the same wavenumbers evolved in the same background, given here for comparison. The normalization for both modes is arbitrary. The first difference to note is the slightly elevated value for the initial density contrast in the adiabatic mode for the bolon compared to standard CDM. We also clearly see the onset of oscillations in both modes, but while the k = 0.96 h/Mpc mode, when averaged, follows the evolution of the cold dark matter mode exactly, the growth of the k = 10.7 h/Mpc mode is suppressed during a prolonged stage of its evolution. This was to be expected from the evolution of µh 2 /k 2 , which can be seen in the lower panel of the picture. For the k = 0.96 h/Mpc mode we have µh 2 /k 2 1 throughout the entire evolution, whereas for k = 10.7 h/Mpc µh 2 /k 2 > 1 initially, but the value decreases for later times and growth sets in.
The synchronous gauge power spectrum, which we reconstructed from our gauge-invariant quantities, resulting from this evolution is shown in Figure 3 (dashed lines). For comparison we also show a number of additional power spectra. The solid black line represents the power spectrum obtained for a pure cold dark matter component, evolved in the same background cosmology. The dashed lines represent bolon power spectra for different choices of the bolon exponent, from λ = 30 on the left to λ = 70 on the right, but with c 2 adjusted to give the same late background cosmology. Furthermore we show a warm dark matter power spectrum, obtained by modifying the transfer function for the cold dark matter component (gray line) in a manner suggested in refs. [47, 48] , i.e. for thermally produced warm dark matter. The mass of the wdm-particle used here is m wdm = 2.284 keV .
All power spectra have been normalized to the value of σ 8 = 0.801 given above. The cutoff in the bolon power spectrum is initially much steeper than in warm dark matter models, which is typical for scalar field dark matter. Furthermore the shift of the cutoff to smaller wavenumbers for smaller λ can be easily understood by noting that decreasing the bolon-exponential λ and adjusting the mass-parameter c 2 using equation (44) leads to effective decrease of the bolon mass. To see this, simply evaluate equation (44) for β = 0 to see that c 2 ∝ λ 6 , i.e. m 0 ∝ λ 4 in this case. The resulting effect is a larger sound speed and as a consequence a suppression of growth extending to smaller wavenumbers. The opposite effect for larger values of λ is also clear.
We now move on to study the influence the coupling β has on the evolution of the bolon density contrast. It can be summarized in four effects:
1. The coupling causes the energy density of the bolon to scale slightly differently from a standard cold dark matter one. For a positive coupling it scales away faster then a −3 and therefore the bolon energy density exceeds the one obtained for the β = 0 case for z > 0 after adjusting ρ χ,0 , leading to shift of matter-radiation equality to earlier times. This results in a shift of the maximum in the matterpower-spectrum to larger wavenumbers, since the horizon size at matter-radiation-equality is suppressed, an effect only boosted by the effect the coupled evolution has on the Hubble parameter. Similarly, a negative coupling has the opposite effect, shifting the maximum to smaller wavenumbers. 2. The growth of bolon perturbations during bolondomination also gets changed by the coupling. The evolution of the growth of linear perturbations in a coupled quintessence scenario was analyzed in ref.
[49] and the results can be applied to to our model in the µk 2 /h 2 1 regime. For not too large coupling the effect can be summarized as follows: A positive coupling increases the growth of linear perturbations, whereas a negative coupling decreases the growth compared to the uncoupled case, but the growth is always suppressed when compared to the standard cold dark matter evolution in an Einstein-de-Sitter universe, where δ ∝ a. This effect leads to an increase of power for large k modes in the power spectrum for positive coupling, and a suppression for a negative one.
For larger couplings this no longer holds true. The growth rate now starts to increase even for negative couplings and a growth faster than δ ∝ a also becomes possible. Note that this is not in conflict with the results found in ref. [1] , where a suppression of growth for all couplings was found. The difference arises from the background evolution, since in our model the quintessence field adjusts itself to a different fixed point than the one analyzed in ref.
[1].
3. Finally the coupling also changes the evolution of the bolon-mass and thus of the sound-speed present in the µk 2 /h 2 1 regime. Adjusting the background cosmology according to equation (44) leads to an increase in the value of the bolon mass at a = 1 (i.e. today) with a positive coupling, in contrast to what one might expect naively from the e −βϕ/M -dependence. Similarly, it decreases for a negative coupling. This leads to a decrease of the soundspeed for a positive coupling and thus to the cutoff in the power spectrum shifted to larger wavenumbers. The opposite of course holds for a negative coupling. 4 . As a last effect, the growth of perturbations during the radiation dominated in era and during transition from radiation domination to matter domination also gets affected by the coupling. This is difficult to access analytically, and the important modifications of the power spectrum can be understood in terms of the previously discussed points alone. We will therefore not go into this any further.
All these effects can be seen in Figures 4 and 5 . In Figure 4 we show the evolution of the bolon density contrast with wavenumber k = 10.7 h/Mpc for a model with λ = 40 and three different choices of the coupling plus a standard CDM evolution evolved in the same background (black solid line). The matter power spectra for the same models are shown in Figure 5 , where we have also added the WDM-modification (gray dotted line). Otherwise the coloring is the same as in Figure 4 . One can clearly see the small shift of the maximum of the power spectrum depending on the coupling, as well as the growth modification, epitomized by the different slopes in the power spectra for large k. The difference in the spectra for smaller wavenumbers are an effect resulting from the normalization in conjunction with the different high-k slopes and position of the maximum. The position of the cutoff (as long as it is at large enough k) has very little influence on the normalization.
Finally we have fitted the form of the cutoff by
where x = k/k J and the parameters a, b, c, d 1 and d 2 are functions of the model parameters λ and β. We assumed a linear dependence for all functions here, optimized the parameters numerically and eliminated all terms the inclusion of which would not yield a significant improvement of the fitting. The resulting best estimate is given by 
This gives a fitting better than 18% up to suppression of 1/500. A simpler fitting was proposed in similar models in refs. [19, 39] , but as we have checked such a simple fitting function does considerably worse. More details on the fitting procedure can be found in appendix C. 
V. HALO ABUNDANCES
In this section we go beyond the theory of linear perturbations and study the distribution of halos in our model. The approach we employ is known as the extended Press Schechter excursion set formalism, a theory originally developed in ref. [50] and later refined and extended in several works [51] [52] [53] [54] [55] . It allows for the prediction of halo mass functions and merger histories, quantities which require knowledge about the highly non-linear regime of cosmic perturbations, from the linear power spectrum.
The basic idea of Press and Schechter was to identify regions of space with an averaged density contrast above a certain threshold with collapsed objects. To put this in more precise terms: One averages the linearly evolved matter density contrast field over a radius R and identifies the fraction of space which lies above a given threshold ω with the fraction of mass of the universe which is bound in objects with a mass greater than the mass associated with the size of the region, denoted by M (R). The basic problem with this approach is the so called "cloud in cloud problem", a term which describes the following effect: Since large mass halos consist of a number of smaller mass halos, a region might switch back and forth from being considered collapsed (i.e. above the threshold) and non-collapsed (below the threshold) depending on the filtering radius R and it becomes unclear which mass it should be assigned to. While this problem cannot be resolved in a unique fashion, the most commonly used approach is the prescription described in ref. [51] and now known as the excursion set formalism. In this approach one starts to filter the density contrast field with very large radii, leading to an effectively vanishing averaged density contrast everywhere, and then decreases the filter radius step by step. This creates a random walk in R-space for each spatial point. Now the fraction of mass in the universe which is bound in collapsed objects of mass bigger than M (R), denoted by Ω(ω; R), is simply given by the fraction of trajectories which have crossed the threshold at some radius greater than R. This amounts to solving a so called absorbing barrier problem, as the random walk trajectories get absorbed by the threshold ω when they cross it for the first time.
As is common practice, we always work with the density contrast field at z = 0 and put the entire time evolution into the barrier ω(z) = ω(z = 0)/D(z), where D(z) is the linear growth function. Furthermore, instead of using the radius R, we rewrite everything in terms of the variance at a given filtering radius, which can be calculated from the power spectrum as follows:
where W R (k) is the Fourier transform of the filtering function. This function is of course always invertible, with large radii corresponding to small variances. We will therefore from now on work with a mass-assignment M (S) ≡ M (R(S)) and a mass fraction Ω(ω; S) ≡ this problem is the peak theory, originally developed by Bardeen et al. in ref. [56] . We will not investigate this approach further here.
Ω(ω; R(S)). The number density of objects of mass M is then given by
where f (ω; S) is the first crossing rate at variance S, which is given by
The details of this calculation depend on the choice of the filtering function, the mass assignment and the threshold ω, which we will now discuss.
A. Filter choices and mass assignments
As a first step we calculate the variance of the matter density fluctuations for some choice of filtering function W R (r) with Fourier transform W R (k). The most common choices are a real space tophat window function with Fourier transform given by
and a sharp filter in k-space given by
In a second step we need to assign a mass to each filtering radius R. For the tophat filter the obvious choice is to simply take the mass enclosed within the filter, but for the sharp-k filter there is no such canonical option. In fact, the integral over the spatial filter-function is not even well-defined in this case (see e.g. [57] ). The only reasonable assumption one can make is that the mass should scale like R 3 , i.e.
The normalization A = 1 corresponds to the tophat-filter choice, we will describe how we adjust A for the sharp-k filter below. Finally, the calculation of the first crossing rate f (ω; S) also depends critically on the choice of the filter. For a sharp k-filter one can easily see that the random walks in S-space consist of uncorrelated steps, which makes the problem considerably easier to tackle. In the case of very simple thresholds one can solve the first crossing rate analytically (see ref. [51] ), and for the most straightforward case of a constant barrier one obtains
When using a tophat filter the random walk becomes correlated, which complicates the problem considerably. A numerical procedure to calculate correlated random walks has been proposed in ref. [58] , based on a set of earlier papers by Maggiore and Riotto [57, 59, 60] . In what follows below we will ignore this issue. While this is strictly speaking incorrect, there are two arguments in favor of this approach: First, the corrections are expected to be small for the spectra we employ here, and second, the elliptical barrier modification widely employed today has been matched to the results of CDM N-body simulations in precisely this fashion, and changing the calculation of the first crossing rate would require a readjustment of this barrier as well.
In the following sections we will portray results for both a sharp-k filter and a tophat filter. While the differences for CDM-spectra are minute once the massassignment and the barrier for the sharp-k filter has been adjusted correctly, the results for spectra exhibiting a sharp cutoff in the power spectrum (i.e. saturation in the variance function S(R)) are very different. At first glance, the sharp-k filter seems to have some advantages.
First, it allows for a relatively simple and yet rigorous calculation of the first crossing rate. Second, it is known that number densities for models exhibiting a cutoff in the linear power spectrum do not always show a cutoff in the number densities calculated with the Press-Scechter excursion set approach when a tophat-filter is used [61] (see e.g. Figure 8 ). This is due to the oscillatory form of equation (75), which leads to much milder decrease in dS/dM compared to sharp-k filter results (see Figure 7) . One should however note that this shortcoming can at least in some cases be cured by using a suitable barrier shape (e.g. in WDM-models, see ref. [61] ).
The downside (or upside, depending on your point of view) of using a sharp-k filter, in addition to the ambiguity when assigning masses, is that we cannot readily generalize the barriers deduced for a tophat filter to this approach. On the one hand this makes the formalism less deterministic, on the other hand it gives us some additional freedom.
As we will see from the results below, when we extend the ePS formalism to the prediction of substructure abundances within a galaxy-sized dark halo, the advantages of the sharp-k filter cannot make up for its one huge problem, which is the mass assignment.
B. Spherical collapse
Usually barriers used in the Press-Schechter formalism are derived from the spherical collapse model or generalizations thereof [62] [63] [64] . This originally very simple formalism has been extended to include CDM models with a coupling to a quintessence field [65] , but it runs into serious problems for a model such as ours, where the dynamics of the collapsing component are strongly scaledependent already in the linear regime. Let us quickly outline why this is.
First we should note that spherical collapse itself is of course an approximation. One assumes an initial over-density which is spherically symmetric and homogeneous (i.e. has a tophat-profile) and evolves this overdensity. Depending on the model investigated, at this point one either invokes Birkhoff's theorem or some incarnation of Newtonian cosmology in order to simplify the equations of motion. In the first case one effectively treats the overdensity as an independent FLRW-universe, the only difference to the background is a different curvature constant arising from the overdensity. In the Newtonian approach one has to take care of gradient terms appearing in the equations, which are generally ignored, usually with reference to either the lack of gradients in the initial density profile or to the size of the overall perturbation. Whichever approach one employs, it has to fulfill (at least) two basic criteria:
1. The perturbation should retain its (tophat-)profile, at least to very good approximation.
2. The evolution of the perturbation should agree with linear cosmological perturbation theory at early times.
Both of these demands cannot be met by either formalism throughout the mass-range which interests us. To see why, let us investigate the first condition. The evolution of linear perturbations in a model such as ours depends strongly on the wavenumber of the perturbation, even in a simplified cosmology which is bolondominated throughout its evolution. This is simply due to the scale-dependent sound-speed present in the the averaged equations and a fundamental difference to CDMmodels, where we have a universal growth proportional to the scale factor during matter domination. Thus it is immediately clear that an initially tophat-shaped perturbation will not retain its shape even in the linear regime and not even approximately, if modes where the soundspeed is relevant make up a sizable contribution to the Fourierdecomposition of the perturbation. This is clearly the case if the size of the perturbation is close to the Jeans mass, which is the most interesting regime. For much larger masses however, the suppressed modes play (almost) no role for the evolution of the profile, as they are almost irrelevant in the Fourier-decomposition. Thus for large masses the spherical profile is stable to very good approximation and gives, in the uncoupled case, the same result as standard CDM spherical collapse.
One might think that a useful way to get around this problem is to employ Birkhoff's theorem, as it treats the overdensity as an independent universe and thus forces it to stay spherically symmetric. But in doing this, one quickly runs into conflicts with the second demand. As the soundspeed present in the averaged equations is nonadiabatic, it is a purely perturbative quantity (in contrast to the adiabatic sound-speed, which can be calculated from the background evolution only). Thus the background equations can not reflect the suppression of growth present in large-k modes in our model. Quite the opposite, we have verified numerically that one recovers a collapse model very similar to standard CDM collapse when evolving an overdensity as an independent universe in our model, as was to be expected from the fact that the averaged equations give rise to an ω = 0 evolution in the background. One can obtain a slightly delayed collapse time compared to a standard CDM collapse if one adjusts the initial conditions to fit the linear evolution at some early initial time, but not by much, and the delay depends on the initial time chosen. Simply put, the reason for this is that the spherical collapse model in its simplest form (i.e. with only one component collapsing) is determined completely by two parameters, the initial overdensity and its initial time derivative. When trying to adjust the time derivative to an initially suppressed evolution for small masses, one finds numerically that the evolution of the density contrast quickly adjusts itself to the standard CDM evolution, thus resulting in only a small delay in the collapse time. This is of course very different from the linear evolution recovered in cosmological perturbation theory and thus unrealistic.
The approach from Newtonian cosmology essentially suffers from the same shortcomings. One can easily find a version of Newtonian cosmology that recovers the cosmological linear perturbation equations in the subhorizon regime, but this just puts one back to the problem of stability of the tophat shape.
The problems just outlined indicate that finding the correct barrier for the bolon model could be a highly nontrivial issue. The one thing we can say for sure is that for large masses (corresponding to large radii), the modes which are suppressed in the linear regime play (almost) no role in the evolution of a tophat-perturbation, and we can thus employ the usual spherical collapse model and recover the standard barrier. For smaller masses close to the Jeans mass however, things seem to be much more complicated, and one might have to resort to a comparison with N-body or fluid simulations to tackle this issue. To our knowledge, no suitable data from such simulations of scalar field dark matter exists at this point.
C. Barrier for a sharp-k filter
The CDM spherical collapse model gives rise to a constant collapse barrier ω = δ sc ≈ 1.686, which was used in the first works employing the Press-Schechter formalism. While this very simple assumption already gives very useful results, comparisons with very accurate Nbody simulations led to modifications motivated by the elliptical collapse model. As was shown in ref. [55] , a remapping of the barrier according to
with A = 0.707, b = 0.5 and c = 0.6 gives a more accurate fit. The parameters b and c are a result of the elliptical collapse model, whereas the parameter A has to be put in by hand. It can however be argued that it is related to the way in which structures in N-body simulations are identified, a method which allows for some variability with influences on the halo abundances. The barrier was derived using a spatial tophat filter, but the corresponding first crossing rate was calculated using uncorrelated random walks. This is strictly speaking inconsistent, but the barrier has been adjusted to fit N-body simulations in ref. [55] in precisely this fashion and therefore gives correct results. The number densities obtained when using a sharp-k filter however have a different shape when the same barrier is used, due to a different mass-dependence of the variance S(M ). This discrepancy cannot be fixed by adjusting the mass-assignment alone. In order to get correct results, we also have to modify the barrier associated with a sharp-k filter. This is not inconsistent, as the barrier motivated by spherical (or elliptical) collapse can only be expected to give good results when a tophat-filter is used. The possibilities to do this are of course plentiful, but one can get very good agreement already for a very simple modification. Following [61] , we simply shift the barrier upwards by multiplying it with a constant factor
This rescaling is applied after other barrier modifications such as the elliptical modification in equation (79) . As it turns out, by adjusting the parameters A in eq. (77) and B in the above rescaling, we can get a good fit to the total number densities obtained for a CDM spectrum. 3 For the choices A = 2.27 and B = 1.1, the relative discrepancy is below 10% everywhere in the mass range from 10 6 M to 10 16 M . 
Modifications near the Jeans mass
In a further extension of the formalism, several authors have studied how to apply the Press Schechter excursion formalism to WDM models [47, 61] . The differences here are twofold. First, the power spectrum exhibits a cutoff at some wavenumber, leading to suppression of number densities for the corresponding mass through the dS/dM term in equation (73) . Second, the velocity dispersion of WDM particles leads to modifications in the spherical and elliptical collapse model. As was shown in ref. [47] , 3 As mentioned above, for spectra exhibiting a cutoff in the power spectrum the tophat and sharp-k filter results differ considerably for masses close to and below the cutoff scale. This discrepancy cannot be erased by a simple scaling of the barrier, but this might not even be desirable. In the WDM case the turnover seen in the halo mass function in N-body simulations cannot be reproduced with a tophat filter and the elliptical barrier [61] . 4 Other mass assignments suggested for the sharp-k filter correspond to A = 2.5 in [61] or A = 2.42 in [53] , which are not too different from our fit. These assignments are however motivated by different considerations.
these effects lead to later virialization times and larger virialization radii, which need to be taken into account in the Press Schechter formalism by modifying the collapse barrier. A fit for this modification (which is accurate for masses not too far below the Jeans mass) was given in ref. [61] and reads
where x = ln(M/M J ), with M the halo mass in question and M J the Jeans mass, defined in ref. [61] as the halo mass for which pressure and gravity balance initially (in the linear regime). The function h(x) is given by
This modification effectively increases the barrier dramatically for masses below the Jeans mass and thus suppresses the first crossing rate f (ω; S(M )) in that regime, which has a non-negligible effect on the predicted number densities, as was shown in ref. [61] . One should note that the modification given in equation (81) was obtained from a 1-dimensional baryonic simulation, where the temperature was adjusted to fit the WDM velocity dispersion, and not from some spherical collapse model of WDM in the stricter sense, which would suffer from the same fundamental difficulties we mentioned above. It is unclear to us what the correct shape of the barrier should be in our model, in particular whether or not it exhibits an increase around the Jeans mass or not. In order to show the full range of possibilities and the effect of the barrier choice, we will present all calculations for both cases, once for the modified elliptical collapse barrier described above and once for a barrier where the WDM-modification given in equation (81) is included. In the latter case we do of course insert the Jeans mass appropriate for our model, which is given by equations (60) and (61) . Different barriers are shown in Figure 6 .
D. Total number counts
The total number densities resulting from the PressSchechter excursion set formalism are shown in Figure  8 one. For the dotted and dashed-dotted lines the additional modification of the barrier due to a possible upturn at the Jeans-mass was put in, for a sharp-k filter and a tophat filter respectively. Finally the red dotted line represents the WDM model from the previous section, here we used the fully modified barrier, including the modification from equation (81) and a sharp-k filter. All first-crossing rates were calculated numerically using the method presented in the appendix of ref. [61] .
One can clearly see the effects the choices of filter, mass assignment and barrier have on the predicted number densities in the bolon model. First, when using a tophat filter, a strong suppression is only present if an upturn of the barrier near the Jeans mass included, for the standard elliptical collapse barrier the suppression is much weaker. Second, for a sharp-k filter, this is not the case, both curves are almost identical. The only difference is a slightly quicker suppression of the oscillatory part, resulting from the oscillatory shape of the powerspectrum cutoff, if the barrier is raised near the Jeans mass. This can be easily understood and nicely visualizes the main issue for the sharp-k filter: For this filter choice, the cutoff in the number densities is determined by the very sharp cutoff in the function dS/dM alone. For our mass-assignment, this happens at masses above the Jeans mass, which makes a possible barrier modification irrelevant. A much lower choice of the parameter A would of course again lead to a bigger difference between the two barrier choices and at very low A the first crossing rate would once again determine the cutoff position, similar to the tophat filter. From these simple observations it is clear that the mass-assignment for the sharp-k filter introduces huge uncertainties for models such as ours, which will translate from the total number densities to substructure abundances (which we treat below) as well. We know currently of no way to resolve this issue and stick to the tophat filter from now on.
E. Progenitor mass functions
Finally we move on to show what is probably the most interesting aspect of small scale power suppression, and that is the abundance of substructure within a typical galaxy such as ours. The extended Press-Schechterformalism allows for the calculation of the so called conditional mass function, denoted by
(83) This describes the fraction of mass from halos of mass M 2 = M (S 2 ) at redshift z 2 corresponding to the barrier ω 2 which is contained in progenitor halos of mass M 1 = M (S 1 ) at redshift z 1 corresponding to the barrier ω 1 per log M-interval. It is determined by the variance as a function of mass and f (ω 1 , S 1 |ω 2 , S 2 ), which corresponds to the first crossing rate of Langevin-trajectories through the barrier ω 1 at S 2 , for trajectories which originated at ω 2 (S 2 ) at variance S 2 .
This function can again be obtained analytically in the case of a constant barrier [51] , but for the complicated barrier shapes needed here we have to resort to numerics again. Luckily one can employ the same strategy as in the case of total number densities, because this conditional first crossing rate is the same as the unconditional first crossing rate with an adapted barrier shape [61] :
The change of the barrier with redshift is of course determined by the linear growth function D(z), which we obtain numerically from our Boltzmann-code. It can be somewhat approximated by D(z) = (1 + z), but this fails for low z due to dark energy and for medium z due to the modified structure growth if β is non-zero. Furthermore, as mentioned before, the growth in our model is non-universal for all k-modes, which gives a k-dependent linear growth function as well. As this is difficult to incorporate into the extended Press-Schechter formalism, we simply indicate indicate its possible effect, as we did when discussing total number densities, by a barriermodification near the Jeans mass as given in equation (81). The elliptical barrier modification given in equation (79) has been shown to also give better results than the constant spherical collapse barrier for progenitor mass functions [55] . One should note that the time-evolution of the elliptical barrier is not obtained by applying
as one might expect from the Press-Schechter logic, but by replacing the critical overdensity δ sc → δ sc (z) and applying the elliptical barrier modification afterwards, as already denoted in eq. (79).
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The conditional mass function can be seen for a number of redshifts in Fig. 9 . The reference mass in this figure is of the order of a typical galaxy mass, we chose
and the reference redshift is z 2 = 0. We use these parameters as reference for all plots in this section. We show the standard CDM prediction (black solid line), together with the WDM-model already used above (gray dash-dotted line) and three bolon models with modified barrier (dotted) and without (dashed). The three colors represent different couplings of β = −0.1 (red), β = 0 (green) and β = 0.05 (blue). The bolon exponent λ is 65 for all curves, while α = 20. We used a tophat filter for all the calculations.
F. Current number of subhalos
As a last step, we now calculate the number of subhalos we expect in a typical galaxy. This is not a quantity directly accessible through the ePS-approach and we have to do some additional work. Following ref. [66] , we calculate the current number of subhalos by a simple integration in barrier space, i.e.
where δ 0 denotes the spherical collapse barrier at redshift 0. Afterwards we calculate the cumulative number of subhalos through a simple integration in M 1 :
A few comments are in order at this point. First, the integration over barrier-space necessarily overcounts halos, as one halo might retain its mass over a prolonged period of time. Therefore we lose the overall normalization of the cumulative number density. We solve this issue by adjusting the CDM result to N-body simulations and use the same normalization for WDM and the bolon model. Second, one should note that an additional assumption going into this ansatz is that the current distribution of subhalos corresponds directly to the distribution of progenitor halos when averaged over redshift. This is far from obvious, but seems to hold, as we recover the CDM N-body results to good accuracy (see below).
Results for cumulative number counts of subhalos can be seen in Figure 10 . A comparison with the N-body results in Figure 11 in ref. [67] shows that the CDM result agrees to excellent accuracy (as expected, as we have adjusted our normalization accordingly), whereas the WDM curve looks somewhat different. It seems to agree rather well with the N-body results down to masses slightly above the Jeans mass, but then the ePS results stagnate more quickly, whereas the N-body results continue to rise a while longer. We underestimate the asymptotic value by a factor of about 2. Two reasons for this come to mind. First, structure formation is not strictly hierarchical, there are violent mergers and disruptions which can form halos even below the Jeans mass. Such effects can not be properly included in the purely hierarchical ePS approach. Second, this is also the regime where spurious halos start to play a role, and issues with the identification of such halos could introduce additional uncertainties.
In the light of recent observations of ultra-faint dwarfgalaxies [68] , these results can be used to put constraints on the current bolon mass m χ (t 0 ). We simply demand that the number of subhalos should not fall below the number of dwarf galaxies estimated from observations. These estimates are still the subject ob ongoing debate, current numbers range from 66 [67] to several hundred [69] . Here we choose the lower value of 66 in order to remain cautious. One should point out that additional uncertainties get introduced by baryonic physics. Galaxy formation on such small scales appears to be a highly stochastic process [70] , potentially leaving a large number of halos void of stars. This effect may contribute to raising the number of dark halos required to explain current observations and the bounds we set here are therefore very conservative.
The masses of the dark matter halos containing ultrafaint dwarf-galaxies appear to have a common lower mass bound at around 10 7 M , which is the benchmark mass we employ. As we already underestimate the WDM Nbody results already by a factor of roughly 1.5 at this mass, we artificially remedy this fact by raising our obtained number counts by this factor when we use the modified spherical collapse barrier in order to remain extra cautious. The results can be seen in Figure 11 .
Clearly the smallest current bolon masses m χ (t 0 ) are possible for the largest couplings β. However, we expect current coupling constraints from CMB observations to apply to our model as well, as the wavenumbers for which Figure 10 : Cumulative number of Milky Way subhaloes as a function of halo mass M h . The CDM power spectrum is represented by a solid black line, the gray lines show a WDM modification for a thermally produced WDM particle of mass m wdm = 2.284 keV. The green lines stands for a bolon power spectrum with β = 0 and λ = 69, the blue and red lines correspond to the same λ but with β = 0.05 and β = −0.1 respectively. For all WDM and bolon models, the dashed lines are results calculated without an upturn of the barrier near the Jeans mass, whereas such a modification is included for the solid lines. As an additional orientation we added the dashed-dotted gridline at the WDM Jeans mass.
the CMB has the most constraining power are much lower than the ones where linear structure formation is modified compared to CDM. In refs. [2, 71] the couplings bounds are roughly |β| < 0.1. From this constraint we derive an upper bound for current bolon mass, which we estimate by evaluating the boundaries presented in Figure 11 for large couplings, we choose β = 0.05. The resulting bound is
for the modified (ellitpical) barrier. This bound lies at the larger end of typical ultra-light scalar field dark matter masses.
VI. CONCLUSION AND OUTLOOK
In this work we have studied the evolution of linearperturbations in the coupled cosmon-bolon model in some detail. We built our analysis on the study of linear perturbations in the very early universe in coupled two scalar field models, which we provide in an accompanying paper [16] . Our work has given a detailed procedure to average out the quick oscillations at both the background and the perturbative level to arrive at an effective theory of the evolution of linear perturbations, which we treated numerically. As a result we provide a reasonably accurate fitting formula for the power-spectrum modification when compared to standard CDM coupled to quintessence. We then move on to investigate phenomenologically interesting predictions of our model by employing the Press-Schechter excursion set approach. We have discussed in some detail the different approaches one can take here, in particular with respect to the choice of the filter and the barrier employed, both of which can have influential consequences on the results. We have shown how the coupling influences the abundance of progenitor halos in a typical galaxy such as ours and how to translate this into a prediction for the number of virialized dark matter subhalos expected to be present today.
Our analysis does however have one shortcoming: As we have discussed, the spherical collapse model, which serves as a basis for the entire Press-Schechter-excursion approach, can not be easily generalized to our model. This problem can only be addressed by studying nonlinear perturbations in our model, a work which is currently in progress. We hope to generalize the mechanism presented here to average out the linear perturbations to the non-linear regime and arrive at an effective theory which could be used not only to study spherical collapse in out model, but also serve as a basis for large numerical simulations of cosmological structure formation in coupled scalar field dark matter models.
Pending the results of this work, we still want to make one last comment concerning the small scale problem of the cosmological standard model. Traditionally this problem has been divided into two parts, the missing satellite problem and the cusp-core problem. While the missing satellite problem may well have a solution in the baryonic sector alone (see e.g. ref. [72] and references therein), the cusp-core problem (and the -possibly strongly related -too big to fail problem) might still require some modification of the dark matter sector. As has been recently pointed out, warm dark matter, at least in the simplest version of being a single thermally produced component, can not resolve these issues consistently [73] .
The problem here is essentially that existing constraints on WDM particle masses from Lyman-α constraints [74] and ultra-faint dwarf galaxies [75, 76] lead to an allowed range where the core structure of both host galaxies (the cusp-core problem) and of massive subgalaxies (the too big to fail problem) can not be explained anymore. As the WDM model appears to somewhat similar to our model in the linear regime one might be tempted to draw similar conclusions here. This would however be premature. All the constraints derived for WDM models rely on simulations of non-linear structure growth, and, as mentioned above, the non-linear dynamics of our model are still under investigation and might turn out to be somewhat different from WDM. Furthermore the presence of a coupling enlarges the parameter space and therefore could point towards a way out of this possible dilemma.
Furthermore, despite the similarities between our model and WDM models, there are observable differences. In particular, the oscillations present in the scalar field sector are expected to translate to the gravitational potential in virialized structures, similar to what happens in oscillatons or boson stars [77, 78] . These oscillations are in principle observable. In a recent paper Khmelnitsky and Rubakov investigated the effects scalar field dark matter wold have on variations in pulsar timing signals and whether or not the resulting signatures are detectable in the near future [79] . The bounds we set on the current bolon mass exclude a possible near future detection by more than one order of magnitude, as can be seen by a comparison with Figure 1 in ref. [79] .
Finally, even if the small scale problems of the cosmological standard model should find a full solution in the baryonic sector, it certainly does not invalidate the scalar field dark matter model. It has a strong theoretical motivation in its connection to a possible solution of the cosmological constant problem and therefore remains an interesting alternative.
As already mentioned in the main text, we expand all dynamical quantities in a Taylor series according to equation (30) , and each coefficient in a Fourier-type expansion as presented in equation (31) . Comparing coefficients at each order inμ yields the following decomposition for the scalar fields:
and consistency requires that χ 1 is of the order O(μχ 0 ), χ 2 is of the order O(μ 2 χ 0 ), ϕ 1 is of the order O(μ 2φ ) and ϕ 2 is of the order O(μ 3φ ). The leading order contributions are formally related by setting χ 0 to be of the order O(μφ), so that the energy densities for both scalar fields are of the same order, as is appropriate for a scaling scenario. The terms χ ig and ϕ ig represent higher order contributions, they will not play a role in our analysis.
Here we used a notation already introduced in the main text: For all quantities which are slowly evolving to leading order we will mark the leading order quantity with a bar (likeφ above). This will turn out to be helpful in the final equations, where we will also encounter quantities averaged over one oscillation period, which we will indicate using triangular brackets: < . >. This may seem unnecessary, since of courseφ =< ϕ > holds, but we find it useful to make this distinction in order to indicate quantities which evolve adiabatically at leading order.
The oscillatory terms present in (A1) and (A2) do of course leave an imprint on the scale factor and we can deduce from Einsteins equations that the expansion for a(η) reads
where a osc is of the order O(μ
2ā
) and a ig represents higher order contributions which will not concern us. For the conformal Hubble rate this directly implies
Note that taking the derivative of an oscillatory quantity decreases the order inμ by one and therefore h osc is of order O(μh) (h ig again stands for higher order terms).
In terms of the dimensionless coupling parameter q α the expansion directly gives
to leading order. Averaging this expression over one oscillation period gives:
Plugging the ansatz into Friedmann's equation gives to leading order:h whereρ χ andρ ϕ denote the (non-oscillatory) leading order contributions to the bolon-and cosmon energydensities, respectively. These are given bȳ
We will drop the explicitφ-dependence ofm in all the formulas below. The additional quantityρ ext labels the sum of all energy densities which are present in addition to the scalar fields, in particular photons, neutrinos and baryons. We assume all these quantities to evolve adiabatically to subleading order on a timescale 1/m χ . This is consistent with the equations of energy conservation for all standard cosmological components to the order which we consider here. Evaluating the scalar field equations to leading order yields: 
Note that this is prefectly consistent with equation (A6). In order to average the perturbations we need the next to leading order equations. Using the above results from Einsteins equations
and the field equation for the bolon gives at this order χ 2 = 3 128
while the cosmon field equation gives
Linear Perturbations
We will now extend the procedure given above to the linear perturbations. As already mentioned in the main text, the problem that arises when treating perturbations in this model lies in the fact that quick oscillations are present in both the background and the perturbative fields, and it is a priori unclear how they interfere with each other. Resolving these oscillations numerically is computationally very demanding and it is therefore desirable to find a way to analyze the long term behavior of the amplitudes, averaged over one oscillation period, in particular if one has future parameter constraints from MonteCarlo runs or Likelyhood-analyses in mind. Some of the approaches present in the literature deal with such an averaging (e.g. ref. [19] ), but they treat only a single scalar field in a harmonic potential and the procedures they apply, while yielding correct results, do not lend themselves well to a generalization to two coupled scalar fields. We will therefore use the same procedure we just applied to the background evolution, i.e. we expand all dynamical perturbative quantities first in a Taylorseries inμ and then each coefficient in a Fourier-type sum of harmonic functions with time-dependent frequencies, where all occurring frequencies are multiples of a base-frequency (see equations (30) and (31)). By plugging the results into the linearized field equations (47) - (49) and comparing coefficients we see which frequencies are present at which order and can then use the results to calculate the evolution equations for the energy density and momentum perturbations for the bolon averaged over one oscillation period.
As mentioned in the main text, our starting point are the exact gauge-invariant linearly perturbed scalar field equations (our conventions concerning perturbation theory can be found in ref. [16] )
The two gravitational potentials can be related via
Even though scalar fields do not produce anisotropic stress, we differentiate between Ψ and Φ, since anisotropic stress can be introduced through neutrinoand photon-contributions. The Boltzmann equations for those components as well as the fluid equations for baryons do of course have to be added to the equations derived here in order to complete the set of equations.
The remaining Einstein equations are not necessary to analyze the evolution of linear perturbations, but can be used to provide trivial checks of the calculations. We will use equation for the derivative of the gravitational potential several times, as it simplifies some steps. Using equation (A23) it reads:
As we will see below, the combined Taylor-Fourier expansion looks different depending on the size of the wavenumber k and we have to split up our analysis into two regimes: Large wavelength perturbations for which µk 2 /h For large wavelengths the only consistent expansion in terms of trigonometric functions is given by
where x is defined as in section III C
and the linearized field equations require Q to be of the order O(μ 2 P ), R to be of order O(μP ), A to be of order O(μB), C to be of order O(μ 2 B), Ψ osc to be of order O(μΨ) and finally P to be of order O(B) andΨ to be of order O(B/M ). The terms X ig , Y ig and Ψ ig again represent higher order contributions which we ignore. We always assume that all additional energy densities, i.e. the ones for photons, neutrinos and baryons evolve slowly to leading order inμ on a timescale 1/m, the corresponding velocity potentials as well as the higher momenta in the multipole-expansion of the Boltzmann-equations for photons and neutrinos even to subleading order. This assumption directly implies that Φ can be expanded just as Ψ
and the terms are related bȳ
We emphasize that this is consistent with all the evolution equations for non-scalar field quantities, since the quick oscillations only enter these indirectly through the background and the gravitational potentials. Furthermore it is also justified for k m χ because the only additional energy-scales present in the equations are the Hubble parameter and the wavenumber, both of which are much smaller than the bolon mass. The fact that this reasoning breaks down eventually does not concern us, since we do not consider such large wavenumbers.
Evaluating the scalar field equations (A20) and (A21) to leading order gives
while the Poisson equation (A22) yields
where δρ ext and [(ρ + p)v] ext denote the summed up energy-and momentum density perturbations of all additional components of the cosmic fluid. Unfortunately the leading order results are not sufficient (as we will see below), and we have to go to subleading order. Doing this we obtain from the Poisson equation
Note that this expression is most easily obtained by evaluating equation (A24) to leading order, instead of going to next to leading order in the Poisson equation. Both ways are of course equivalent, and we did both calculations in order to verify our results. The bolon field equation yields at this order
whereas the cosmon field equation gives
Now we can use the equations given above to average the equations of energy-and momentum-conservation for the bolon. We could obviously do the same for the cosmon, but it is more common in coupled scenarios to treat the cosmon field perturbations directly and we will adopt the same approach here. The field perturbations for the bolon can be mapped directly onto a fluid description with an energy density perturbation, a pressure perturbation and a momentum perturbation. The issue here is, of course, whether or not we can simply average these quantities and recover the standard evolution equations (with averaged background quantitiesh andā), or if some unexpected interference between oscillatory terms at the background and the perturbative level modifies the results. As it will turn out they don't to subleading order, but this is not obvious since the oscillations present in background quantities, even if they are subleading contributions, can make a difference in conjunction with perturbative quantities which are oscillatory at leading order. We will perform the procedure once in detail.
We start by calculating the averaged perturbative fluid quantities for the bolon to subleading order:
Note that all these quantities have oscillatory contributions at leading order. Now we average over the equation of energy conservation for the bolon term by term to obtain:
Note that the "interference" terms arising during the averaging procedure in lines 3 and 4 of the above set of equations precisely cancel each other. Since
is obvious to all orders, we can directly write down the equations of energy conservation in terms of the density contrast δ χ and velocity potentialΘ χ as defined in the main text:
Moving on to the equation of momentum conservation for the bolon we get to subleading order:
Since again
is obvious to all orders we can easily obtain the following equation forΘ χ :
Rewriting the cosmon field equation and the Poission equation in terms of the averaged bolon density contrast and velocity potential yields:
and
In the regime of smaller wavelengths the general decomposition of the scalar fields yields a different result. The expansion in terms of trigonometric functions remains the same, i.e. X = P + Q cos(2x) + R sin(2x) + X ig , (A58) Y = A cos(x) + B sin(x) + C cos(3x) + D sin(3x) + Y ig ,
Φ =Φ + Φ osc + Φ ig ,
but the orders of magnitude change. This time we have Q and R both of order O(μP ), while Y ig is still of order O(μ 3 P ), A and B are of the order O(P ) while C and D are of the order O(μ 2 P ) and X ig is of the order O(μ 3 P ). For the gravitational potential we again havē Ψ of the order O(P/M ), but this time with subleading order contributions as well, Ψ osc of the order O(μΨ) and Ψ ig of the order O(μ 2Ψ ). Furthermore our assumptions about the additional (non scalar field) components of the cosmic fluid remains the same, which means the the relations (A30) still hold. Note that A, B, Q and R all have corrections at next to leading order which will be relevant below, but we do not write them here explicitly. Instead we we will split up A according to A = A 0 + A 1 with A 1 of the order O(μA 0 ) and accordingly for all other variables.
When evaluating the field equations we have to deal with the fact that there are oscillations with frequency k present in the cosmon perturbations (and possibly in the other components of the cosmic fluid as well). Since we are setting k 2 to be of the order O(h 2 /μ), we restrict ourselves to the case k 2 m 2 , so that we can still consider all the the quantities P , Q, R, A, B, C andΨ to be almost constant on the timescale 1/m. As we will discuss further below, our approximation becomes inconsistent for very small wavelengths, but we are not concerned about this. Due to these additional (lower frequency) oscillations one has to take into account that P is of the order O(μ −1/2h P ) and P is of the order O(μ −1h2 P ). When evaluating the field equations we will always include the next "half order" in the lower order inμ, e.g. if we evaluate an equation at the order O(μ 0 Mh) we will also include terms of the order O( √μ Mh). Applying this scheme to the cosmon field equation (A20) yields to leading order
only quote the results here, the details of the calculation are nor particularly enlightening. The averaged quantities now read (to subleading order): Again, all these quantities contain oscillatory parts at the order considered here, but in the case of δρ χ only at subleading order. Note that since < δp χ > is surpressed by a factor ofμ compared to < δρ χ >, we have to the order considered here:
So we have apparently reproduced a small, scaledependent sound speed c 2 s,χ = k 2 /4ā 2m2 , which generalizes earlier findings in refs. [19, 39] . This should however be verified by averaging the entire equations of energyand momentum conservation, taking care of all possible interferences between background and perturbative oscillations to subleading order inμ, as we did above in the case of large wavelength. Doing this yields the following final equations for the density contrast and the velocity potential:
If we include subleading non-oscillatory terms in the Poisson-equations it again reads as in equation (A57).
As was already mentioned in the main text, this set of equations is can not be derived from equations (25) to (30) in ref. [49] . This is due to the fact that the equations in ref. [49] were derived for a barotropic fluid, i.e. for a fluid without non-adiabatic pressure perturbations (see appendix of ref. [16] for more details). The adiabatic sound speed is a background quantity which can be derived from the equation of state. Since we have < ω χ >=< ω χ >= 0 to all orders, we can directly deduce that the adiabatic sound speed is zero, and our sound speed is therefore non-adiabatic. As can be seen from comparing equations (A81) and (A82) to ref. [49] , this makes no difference in the uncoupled scenario, as expected. The coupling however enters the equations differently.
Appendix B: Comparison with CLASS
In this section we quickly compare the results of our Boltzmann-Code for the standard ΛCDM model with the results of the recently released CLASS-code [40, 41] . To see that both codes agree to excellent accuracy, we simply plot the absolute relative error for the matter powerspectrum at z = 0, which is the quantity we are most interested in in this work, i.e. we plot
The results for a run with the standard settings of CLASS and the WMAP-7 parameters (which we use throughout this work) are shown in Figure 12 , and we see that it is better than half a percent everywhere. This is the same order of magnitude as the error that gets introduced by switching between different approximation schemes within CLASS (see ref. [41] ), and thus more than good enough for our purposes. In this appendix we quickly provide a short overview over the procedure employed to find the analytical cutoff fitting and the corresponding accuracy. As basic data we used numerically evolved power spectra for a coupled CDM model and the coupled bolon model for a wide range of parameters. The evolution equations for the coupled CDM model are similar to those for presented for the averaged (late-time) coupled bolon model in section IV, except that the sound-speed is set to zero. The initial conditions for the adiabatic mode in the coupled CDM model are of course different, but easy to derive or even guess from the results of ref. [16] and of no particular interest to us here.
The grid we investigated ran through the the parameters λ and β, the boundaries we chose to investigate are [20, 30] for λ and [−0.2, 0.1] for β. As was already mentioned earlier, larger couplings are observationally excluded and also in conflict with the early universe-evolution assumed in this paper.
Motivated by earlier results in refs. [19, 39] , we assumed that the cutoff can be well fit by the relation
where x = k/k J . In [19] , a good fit of the cutoff in a similar model was reported to be given by a = 3, c = 1 and d = 8. Due to the slightly different definitions of the Jeans scale k J , we adjusted the parameter b to best fit the data. By best fit we understand an minimalization of the maximal relative error when the fitting is compared to the numerical results for the entire grid. Furthermore we did not use the complete power spectra, but cut off wavenumbers for which the suppression compared to the CDM result was below a given threshold, which we denote by t c . For t c = 1/500 the best fit is given by b = 1.0725 , this does however already result in a maximal relative error of order 3. Raising the threshold to t c = 1/100 gives the same b = 1..0725, but the maximal relative error is still 0.99.
As the relative errors are still very big, we have improved the fitting function of the following form: 
This gives a fitting better than 18%. For t c = 1/100 a fitting better than 8% can be achieved with the same parameterization. A visualization of the cutoff fitting can be seen in Figures 13 and 14 . Figure 13 shows the numerically obtained ratio P χ /P cdm for λ = 28 and β = −0.2, represented by points in black above the threshold t c = 1/500 and grey below it. In addition to that we also show the estimated ratios given by equation (C1) in red, and the more complicated one originating from equation (C2) in blue. The parameters we chose from our grid were the ones giving the biggest errors for the optimized fitting, but not for the simple one. The corresponding relative errors can be seen in Figure 14 , again in blue for the optimized fitting, and in red for the simple one. The points we cut off with our threshold are shown in lighter colors, they were not included in the fitting.
